The truncated Fourier operator. I 

o 
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a ' 

Abstract 

Let 3" be the one dimensional Fourier-Plancherel operator and E 
' be a subset of the real axis. The truncated Fourier operator is the 

^ ■ operator He of the form He = PeHPe, where {PEx){t) = XE{'t)x{t), 

(-| ! and XE{t) is the indicator function of the set E. In the presented first 

I part of the work, the basic properties of the operator He according to 

the set E are discussed. 

Among these properties there are the following one. The operator 
He- 1. has a not-trivial null-space; 2. is strictly contractive; 3. is a 
^ ' normal operator; 4. is a Hilbert-Schmidt operator; 5. is a trace class 

. operator. 

in 

(N 



1 The truncated Fourier operator: 

^ ■ definition, basic properties 

o ■ 

Let be a measurable subset of the real axis M. (The case = M is 
, , not excluded). For p > 1, let U'{E) be the space of complex valued 

\ functions on E satisfying the condition j \x{t)Y' dt < cc . We mainly 

E 

deal with the case p = 2, but episodic the case p = 1 is needed. The 
space L'^{E), provided by the standard linear operations and the scalar 
product {x , y)E' 



{x,y)E= x{t)y{t)dt, {x,yeL^{E)), (1.1) 



E 



Mathematics Subject Classification: (2000). Primary 47A38; Secondary 47B35, 
47B06, 47A10. 

Keywords: Truncated Fourier-Plancherel operator, normal operator, contractive opera- 
tor, Hilbert-Schmidt operator, trace class operator. 



1 



is a Hilbert space. The norm in L'^{E) is 



\\x\\e = \l {x,x)e ■ (1.2) 
The Fourier operator J" is defined by the formula 

{Tx){t) = e^'^xiOd^, {t G M). (1.3) 

One of central facts of the Fourier transform theory is the Parseval 
equality: 

||(3-x)||2 =||x||2 (VxeL2(M)). (1.4) 

This means that the Fourier operator 9" is an isometric operator in 
L^(M). The next central fact of the Fourier transform theory is that 
the Fourier operator J' maps the space L^(R) onto the whole space 
L2(M), that is the J is an unitary operator in L^(]R). Moreover, the 
inverse operator 3"~^ is determined by the formula 

e~'*«x(OdC, (teM). (1.5) 

R 

Remark 1.1. The integral in the right side hand of (|1.3I) is a Lebesgue 
integral. It is well defined only if x G L^{R). If x G L^{R) H L^{R), 
then both the integral is well defined and the Parseval equality (|1.4p 
holds. Thus, the operator 9" can be defined originally by p.Sjl only 
for X e L^(R) n L2(M). The set of such x is dense in L'^{M). Since 
the operator "J acts isometrically on this set, it can be extended by 
the continuity on the whole space L^(M). The same is related to the 
operator which appears in p.5|l . 

In this paper we deal with the truncated Fourier operator. 

Definition 1.1. Let E be a measurable subset of the real axis, < 
m{E) < oo . The operator ■ L'^{E) L'^{E), is defined as 

{3^Exm = e^'^xiOdC, {t G E). (1.6) 

E 

The operator 3'ex is said to be the truncated Fourier operator, or in 
more detail, the Fourier operator truncated on the set E. 
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Remark 1.2. // the set E is a set of finite Lebesgue measure: dt < 
oo, then L'^{E) C L^{E) and the integral in (|1.6I1 is well defined for 
every x G L'^{E). 

The operator 3^"^, which is the adjoint operator to 3^e with respect 
to the scalar product is 

= / x(0 , (t e E). (1.7) 



Remark 1.3. The operator 3'e, acting in L?'{E), may he naturally 
identified with the operator Pe3^Pe, acting in L^(M), where 

{PEx){t) = XE{t)x{t), (1.8) 

xEit) = {'; lll^ (1.9) 

[0, t^E. 

Lemma 1.1. For any E, the operator 3'e is a contractive operator in 
L\E): 

II^Exlll < ||x||| {yxeL^{E)). (1.10) 

Proof. Indeed, if 

V{t) = ^ [ e^'^xiOdC, (tGM), (1.11) 

V^TT Je 

then by the Parseval equahty, |?/(i)P = Je hence |y(i)P < 

f^\x{t)\\ □ 

Thus, the inequahties hold 

< TeS'e < Ie and 0<9'T <Ie. (1.12) 

Here and in what follows Ie is the identity operator. 

Theorem 1.1. 

1 . If mesE > 0, then no-one of the operators ^e = and 9"^ = 
equals zero: there exists x S L'^{E) for which both 

S^EX^O and ff^x 7^ . (1.13) 

2 . // mes(M \E) > 0, then no-one of the operators 3^e o,nd 5"^ is 
isometric: there exists x G L'^{E) for which both 

\\3^ex\\ < \\x\\ and WH^xW < \\x\\ . (1.14) 
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Proof. Let to G -E is such that 

m(^U[to-l/n, to + lH) , 
nm J- . = 1 . 

(Almost every point to £ E possesses this property). Let us set 



1, ^eEn[to-l/n,to + l/n] 



m{[to - 1/n , to + 1/n]) [o, ^ e ^ \ [^o - ^/n , to + ^/n] 
It is clear that Xn G L'^{E) Vn, and that 

y,„(5)e±..^<ij ^ e-". as n ^ oo, the limit is locally umfem „„I 

If n is large enough, then / |3"x„)(t)p dt > 0, / |(9"*x„)(t)p dt > 0. 



M.\E 

Because x„ vanishes outside of f |x„(t)p dt = f |x„(t)p dt. By the 

E R 

Parseval equality, / |g"x„)(t)p dt = / | (3"*x„)(t)p dt = /|xn(t)pdt. 

R R S 

Thus, the inequalities (I1.14|) hold for x = x„ if n is large enough. □ 

It is clear that if the set E is bounded, then then the inequalities 

(fLTsH . (fTTill hold for any x £ L^{E), x ^ . Indeed, given X G 

L'^{E), X / 0, let y is determined from x according to (11.111) . Since the 

set E is bounded, y(t) is an entire function of t. Therefore the function 

y(t) may vanish only in isolated points. In particular, /|y(t)P > 

E 

0, f |y(t)P > 0. The first inequality means that \\3^x\\ > 0, the 



second one — that \\3^x\\ < \\x\\. In |AmBel Proposition 5] it was 
shown that if mesi? < oo (the set E may be unbounded), then the 
inequalities (I1.14p holds for arbitrary x G L'^{E), x / 0. 
Actually, the much more stronger statement takes place. 

Theorem 1.2. IfmesE < oo, then the inequalities 

llfef < (l-A-^e-^("«^^)') ||xf , Wr^xf < (l-^-ie-^("^-^)') I 

(1.15) 

hold for every x G L'^{E) . Here A, 1 < A < oo, is an absolute 
constant: it does not depend neither on x, nor on E. 
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Proof. In fact, Theorem ll.2l is a special case of the Nazarov uncertainty 
principle. In [Nazj . F.L. Nazarov prove the remarkable inequality 

y |y(t)|2dt < Ae^("^^-^)("^^^)( j \y{t)\^dt+ j \x{^)\^ d^j 



(1.16) 

where x G L^(R) is an arbitrary functions, y is the Fourier transform of 
x: y{t) = J e**^ x{^) d^, E and F are arbitrary measurable subsets 

R 

of R. If = £' and x is an arbitrary function vanishing outside of E, 
then the inequality (|1.16l) takes the form 

|y(i)|'<it< Ae^(--^)'( j mi'dt- J |y(t)pdt). 

R RE 
Invoking the Parseval identity, we rewrite this inequality in the form 

J |x(t)|2(it < Ae^(™^^^)'( j \x{t)\^dt- j \y{t)\^dt) 

E EE 

The latter inequality coincides with the first of the inequalities 
(fTTHD . □ 

Remark 1.4. As it is stated below, the equality for the Hilbert- 
Schmidt norm ||?'£;||e2 holds: ||3"£;||e2 = mesi?. Since the Hilbert- 
Schmidt norm majorizes the operator norm, the inequalities hold 

WS'exW < imesE)\\x\\, \\Tex\\ < {mes E) \\x\\ , (1.17) 

where E is an arbitrary measurable set and j;is an arbitrary function 
from L'^{E). 

Both inequalities (|1.15ll and (I1.17P are true. However (ll.lTp is more 
precise for small values of mes E, and (ll.lSp - for large ones. 

Remark 1.5. If the set E is not just of a set of finite measure, but a 
finite interval, the the estimate (ll.lSp can be refined for large values 
of mesE'. For E = [—1,1], the largest eigenvalues Ao(0 of the operator 
3^E-^E coincides with the squares of norm ||3"£;|p. For E = [—1,1], the 
operator S^'^S^e is the integral operator in L^([— /,/]) of the form 

(r^3-^x)(t) = i / ''''l^*~^K ir)dr. (1.18) 

TT J t — T 
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The asymptotic behavior as ? ^ oo of the eigenvalue \q{1) of the 
integral operator (ll.lSp was found by W.H.J. Fuchs in |Fu| : 

1 - Ao(/) ~ 4V^/V2e-2^ (= 2^/2^(mesS)^/2g-mesi?^ 

Thus, for E = [—/,/], the estimate holds which is strongest then the 
estimate p.l5|) : 



\\3^Ex\\ < (l-A(e)e~(i+")"^^'^)||x|| , < {l-A{s)e-^^+'^'^^''^)\\x 

(1.19) 

for every x G L'^{E) . Here e > is arbitrary, and A{e) < oo for any 
e > 0. The value ^(e) does not depend on I and x. 

Theorem 11.11 claims that if the set E is bounded, then the null- 
spaces of each of operators 3''^3'e, S^e'^e trivial — they consist of 
zero- vector only. 

Theorem 11.21 implies that if mesi? < oo, then the null-spaces of 
each of operators Ie — 3'*e3^e, I — ^e^^e are trivial. 

The following example shows that if mes E = oo , then each of these 
null-spaces can be not only non-trivial, but even an infinite dimensional 
one. 

Example 1.1. Let C M be the interval: 



K = [—a, a], where < a < 




(1.20) 



The set is a "periodic" systems of intervals: 

E = \J {K + pV2^) . (1.21) 

Let u{t) ^ be a (smooth) function on M such that 

suppuCiT. (1.22) 
The function u(t) is representable in the form 

oo 

u{t)= J e'MOdC, (1-23) 

— oo 
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where f (^) is a fast decaying function. Let 

y{t) = Y,Cpu{t + pV2^), (1.24) 

where {cp}p,^i be a summable sequence. Prom (ll.2ip - p.24|) it follows 
that 

suppyC^. (1.25) 

Moreover 

oo 

y{t)= j e^'^v{0v>{0dC, (1.26) 

— oo 

where 

'/'(e)=E^P^''^'^' -°o<e<oo. (1.27) 
The function if is & periodic one: 

ip{C + V2^) = fiO, -oo<^<oo. (1.28) 

Let us invert the order of reasoning. Starting from a function u(t) 
supported on K, (ll.22p . and \/27r-periodic function (/7(^), (ll.28p . we 
define the function y{t) by (ll.26p . where v{^) is determined from u by 
(|1.23p . Then the equality (|1.24l) holds, where {cp}p^i is the sequence 
of the Fourier coefficient by the originally given function ip: p.27p . Let 
a \/2tt periodic function ^ satisfy the condition 

supp ip n [-^/V/2-y/V/2\ C K, (1.29) 

where K is the same as before. Then 

sn^Y>v{i)f{C) . (1.30) 

If moreover the function is smooth, then the sequence {cpjpgz, 
(|1.27l) . is summable. Thus the function y{t) is representable in the 
form p.llj) . where x{^) = ^/2^Tv{^)^p{^), suppx C E, suppy C 
therefore 

j |y(t)|2 = j \y{tt = j |x(Ol'de, 

E M. E 

i.e. 

pExf = \\xf. (1.31) 
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Because of the freedom in the choice of u{t) and the set of 

X G L'^(E) satisfying the condition (ll.3ip is an infinite dimensional sub- 
space of L'^{E). 

Let xi(^) = x(^)e~*'^^, where /i G M, and 

Then yi(t) = y{t — h), suppyi = h + suppy. If a < then /i can 

be chosen such that {E + h) H E = (I) . In this case, yi{t) = \/t £ E, 
thus 

3'eXi = 0. (1.32) 

As before, the set of xi G L^iE) satisfying the condition p.32|) is an 
infinite dimensional subspace of L'^{E). 

In this example, both 

mes(^)=oo, mes(M \ £;) = oo . (1.33) 

□ 

Remark 1.6. In ^AmBel Proposition 6] it was shown that if a set E 
satisfies the condition mes (M \ E) < oo, then the set of x £ L'^{E) 
satisfying the equality (ll.3ip is an infinite dimensional subspace of 
L\E). 

We recall that the operator A acting in a Hilbert space is said to 
be normal if 

A* A = AA* , 

where A* is the operator adjoint to the operator A. 
Here and further 

- E = {t eR: -t e E} (1.34) 

Lemma 1.2. The truncated Fourier operator 3^e is normal if and only 
if the equality 

yit)\^dt= J \yit)\^dt, (1.35) 

E\i-E) i-E)\E 

holds for every y{t) of the form y{t) = e**^ x(^) d^, t eM., where 

X runs over the whole space L^{E). 
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Proof. The condition 3^*^7e = '3^e'3^*e is equivalent to the condition: 

the equality = ||9"^x|p holds for every x G L^(£'). If x G 

L'^{E), then {7Ex){t) = y{t), t e E , and {3'*Ex){t) = y{-t), t e E. 

Thus, the equahty HJ^jxp = Hff'gxlp takes the form J\y{t)\'^dt = 

E 

f \y{—t)\'^dt. The latter equality is equivalent to the equality p.35p . 

E 

□ 

Definition 1.2. The set E is said to be symmetric if 

mesA{E,-E) =0, (1.36) 

where A{E, —E) is the symmetric difference of the sets E and —E: 

AiE,-E) = iE\i-E))U{i-E)\E). 

Since {E\{- E))n{{- E)\E) = 0, and mes {E\{-E)) = mes ((-^)\ 
E), the condition (I1.36P can be expressed in asymmetric form: 

mesA{E,-E) = 0. 

Theorem 1.3. // the set E is symmetric, then the operator 3^e is a 
normal operator. 

Proof. The theorem is an evident consequence of Lemma II. 2t the ex- 
pressions in both sides of (I1.35P are equal because both of them van- 
ish. □ 

Question 1.1. Let the operator 3^e be normal. Is the set E symmet- 
ric? 

We can not answer this question in full generality. However, under 
some extra condition imposed on the set E the answer to this question 
is affirmative. 

The set 5, S* C M, is said to be hounded, hounded from helow, 
and hounded from ahove respectively, if S is contained respectively 
in some bounded interval [a, 6], bounded from above interval [a,+oo) 
or bounded from below interval (— oo,5], where a,b are some finite 
numbers. (In the first case, a < b.) The set S, 5 C ffi, is said to be 
semi-hounded, if S is either bounded from above, or is bounded from 
below. (In particular, every bounded set is semi-bounded). 
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Theorem 1.4. Assume that the following two conditions are satisfied: 

1. The operator 3^e is normal; 

2. The set E \ {—E) is semi-hounded. 

Then the set E is symmetric. 

Lemma 1.3. Let E, E cM. be a set of positive measure: mes (E) > 0, 
and the set S, 5 C M, is semi-bounded. Then the set of all functions 
of the form y{t) = e**^ x(^) d^, t ^ S, where x runs over LF'{E), 

is dense in L^{S). 



Proof. Assume for definiteness that the set 5 is bounded from above, 

say S C (— oo, 6], where 6 < cxd. If the set of all such y is not dense in 

L'^{S), then there exists v G i^(S'), v ^ 0, such that Jv{t)y{t) dt = 

S 

for all y{t). Prom this follow that / v{t)e-'^^ dt = E ^. Since 

s 

S C (-00,6], the function /(O = e'''« / v{t)e-'*^ dt, ^ G M, belongs 

to the Hardy class H^. Since v G L'^{S) is non-zero, / is a non-zero 
function from H^. Moreover, /(^) = for ^ ^ E. However, the non- 
zero function from the Hardy class can not vanish on the set of positive 
measure. □ 

Remark 1.7. 

Proof of Theorem \1.4[ We show that if the set S is not symmetric, 
that is if mes {E \ {—E)) > 0, then the condition p.35|l is violated for 
some y{t) = J^; e**^ x(^) d^, where x G L?{E). Then by Lemma 
IL21 the operator 3^e is not normal. 

We first present the proof assuming that the set E\{—E) is bounded. 
If the set E \ {—E) is bounded, then the set 

S = {E\{-E))VJ{{-E)\E) (1.37) 

is bounded as well. We define the function g{t) as 

g{t) = l,te{E\ i-E)), g{t) = 0, t G {{-E) \ E) . 

Since the sets {E\{—E)) and {{—E)\E) do not intersect, the definition 
of the function g is not contradictory. According to Lemma, 11.31 for 
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every number e > there exists a function y{t) = e**^ x(^) 

such that 

j \git) - y{t)\ dt < mes {E \ {-E)). 

s 

Since g{t) = 1 on {E\{-E)), 

j \y{t)\^dt>{l-efmes{E\{-E)). 

E\{-E) 

Since g{t) = on {-E)\E), 



j \y{t)\'^dt < mes {E\{-E)) 



(-E)\E 

Choosing e < 1/2, we find y{t) = J"^ e**^ x(^) d,^ for which the 
equahty (I1.35P is violated. 

If the set E\{—E) is semi-bounded but not bounded, then the set S, 
(|1.37ll . is not bounded "in both directions". We assume for definiteness 
that set E \ {—E) is bounded from above, sa}Q {E \ {—E)) C (— oo, b], 
where b < oo. We construct such a function y{t) of the form (|l.lll) for 
which 

J \yit)\^dt< j \yit)\^dt, (1.38) 

E\{-E) i-E)\E 

Since the set E \ {—E) is bounded from above but not bounded, 

mes{{{-E)\{E))n{b,oo)) >0. 
Therefore there exists a finite interval \p,q], [p,q] G {b,oo), such that 
mes{\p,q]n{{-E)\E)) >0. 

Let 

S = {-^,q]n {{E n i-E)) u ii-E) n E)), 

, , I 0, if t G S, — oo < t < p, 

git) = \ 

[1, if tGS, p<t<q. 

Clearly, 

{E\{-E))cSn{-^,p), Sn[p,q] = {{-E)\E)n[p,q]. (1.39) 



^Strictly speaking, this condition should be formulated as mes (^{E\{—E))r\{b, oo)) = 0. 
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and 



j \g{t)\''dt< I \g{t)\^dt. (1.40) 



E\{-E) [p,q]n{{-E)\E) 



(The left hand side of this inequahty is equal to zero, and the right 
hand side — to the strictly positive number mes ([p, q] H {{—E) \ E)).) 
By Lemma 11.31 for any e > there exists a function y of the form 
^tni such that 

J \y{t)-g{t)\^dt<e\ (1.41) 



s 



If e is small enough, then from pr39D - (fL40]l - (fL4T]) it follows that 



\yit)\^dt< J \y{t)\^dt, 

E\(-E) ii-E)\E)nlp,q] 

and all the more the inequality (|1.38p holds. □ 

Theorem 1.5. Assume that the Lebesgue measure of the set E is 
finite. Then 1. The operator H e is an integral operator: 

{9^*EJEx)it) = j KE{t,s)x{s)ds, (1.42) 

E 

with the kernel 

KEit, s)= j e*^(*-") de, (t, seE). (1.43) 

E 

2. The operator S^e-^e is a trace class operator: 

trace 3'^3"ij = (mes Ef . (1.44) 

The operator 3^e belongs to to the class &2 of Hilbert- Schmidt opera- 
tors: 

ll^slle^ =mes^. (1.45) 

In particular, the operator He is a compact operator. 

3. The trace norm of the operator 3'e satisfy the condition 

(mes S)2 < 115s lis, < oo. (1.46) 
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Proof. l.The representation p.42|) - (|1.43p is a direct consequence of 
the equalities (II. 6p and (|1.7I1 and of the rule for calculation the kernel 
of the product of two integral operators in terms of their kernels. 

2. The kernel KE(t,s), (ll.43p . is positive definite, bounded and uni- 
formly continuous for (t, s) ^ E x E. As it claimed in [GoKrl Chap. 3, 
sect. 10], from these properties of the kernel of an integral operator it 
follows that this operator is a trace class operator, and that its trace is 
equal to the integral / KE{t,t) dt . (See the last paragraph of section 

E 

10 of the quoted reference.) 

3. The equality (|1.44l) means that 

^ {s,{:^E)? = {me8Ef, (1.47) 

l<j <oo 

where Sj{3'E) are the singular value of the operator 3'e- In view of 
dill]), 

Sj{!lE)<l, l<j<oo. 

Thus, 

SjiS'E) > {mesEf. (1.48) 

l<j<oo 

To study under which conditions the operator S^e, or what is the 
same (see Remark [1. 3 p the operator Pe3^Pe, belongs to the trace class 
Si, we have to consider the more general operator 

3'suS2 = Ps^^'Ps^, (1.49) 

where 5i, 52 C M are measurable sets, and for the set 5, 5 C M, the 
operator Ps ■ ^2(1^) — > -^^2(1^), is defined as 

iPsx)t) = xs{t)x{t), where xs{t) = 1, t G S, xs{t) =0, t S . 

(1.50) 

Theorem 1.6. // the truncated Fourier operator 3'e is a Hilbert- 
Schmidt operator: 3^e S S2, then the set E is of finite measure, and 
the equality (I1.45P holds. 

Proof. The equality (|1.45p was obtained under the assumption that 
mesE < 00. If mesE' = 00, the kernel KE{t,s), (ll.43p . is not well 
defined, and the reasoning used in the proof of Theorem 11.51 is not 
applicable. Consider the set E^ = E Ci [— n, n] and the operator S^e^- 
The operator S^En can be identified with the operator PE„^EPEn (see 
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Remark [1 .SI} ), where Pe„ is the orthoprojector in L^(M): {PE„x){t) = 
XEn{'t)x(J^)- Therefore, ||S'£;„||e2 ^ l|9^£;||62- On the other hand, the 
set En is of finite measure, and the formula (|1.45l) is apphcable to 
mesE'n = ||3"£;„||e2 ■ Thus, for every n, mes En < ||?'_b||62 • Turning n 
to infinity, we obtain that mesE < \\3'E\\e2 < oo. □ 

Lemma 1.4. Assume that Si, S2 are bounded measurable sets: 

Si,S2 <^[-R,R], for some ii E (0,00). (1.51) 

Then the operator 3'si,S2 belongs to the trace class &i, and its trace 
norm ||9^S'i,S2llsi admits the estimate 

W^s^^sJer < (mes5i)i/2 • {mes 82)^/^ ■ e""" . (1.52) 

Proof. The operator 3^51,52 is an integral operator in the space L^(M) 
with the kernel k{t,S,) = X52(*)^**^XSi(C) ; which is the sum of a rank- 
one kernels: 

0<j<oo 

The one-dimensional integral operator Kj > with the kernel kj{t,(,) 
admits the estimate 

lli^illei < • \\XS2{t)t^\\L^R) ■ II^^X5i(0IIl2(R) • 

Since 5i c [-R,R], S2 C [-R,R], 

||X5(t)t^||L2(M) < {mes S)'/^R^, S = Su S2 . 
Therefore, 

||3-5i,52lle, < Yl \\K,\\e,<{mesSi)^/^-{mesS2)'/^- J2 —■ 

0<i<oo 0<i<oo 

□ 

The estimate p.52p shows that if the set E is bounded, then the 
operator 3'e is a trace class operator. However this estimate does not 
work if the set E is unbounded. 
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Theorem 1.7. Let the set E, E cM., satisfy the condition 



Y,{raes{Ej)y/'^ < oo 



(1.53) 



where 



Ej = En[j-l/2,j + l/2], jGZ. 



(1.54) 



Then the operator 3^e is a trace class operator. 

The following lemma is a modification of Lemma 11.41 

Lemma 1.5. Let E, E C M., be a measurable set, and the operator 
7e^,e, = Pe.S'Pe^ is defined by ^M-^M, with Si = Ep, S2 = Eg. 
Then 

W^^E^Ejle^ < e'/^ • (mesSp)i/2 • (mes^,)!/^, Vp,g G Z. (1.55) 

Proof. For p = 0, q = 0, the estimate p.55|) is the special case of 
Lemma [L4l corresponding 5i = Eq, S2 = Eo,R = 1/2. The general 
case of arbitrary integers p and q can be reduced to the case p = 0, q = 
by means of translation. The sets 5i = —p + Ep and S2 = —q + Eg 
are contained in the interval [—1/2,1/2], and the operator S^Ep,Eq is 
related to the operator 9^51,52 by the equality 3^Ep,Eq = f^g 3^5i,52^p: 
where Ur, r G Z, is the unitary operators: {Urx){t) = e"'^x{t). □ 

Proof of Theorem \1. 71 Identifying the operator 3'e with the operator 
Pe'JPe-, we represent it as the double sum 



Applying to the summand in the right hand side the estimate p.55p . 
we obtain that 



^E= Pe.^Pe, 



hence 




(1.56) 



where Ej is defined in p.54p . 



□ 
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Remark 1.8. Since mesEj < 1, then 

mes S = ^ mes < ( ^(mes 

Thus the set E for which the expression in the right hand side of (I1.56P 
is finite automatically satisfy the condition mesE < oo. However there 
are sets E of finite measure for which the expression in the right hand 
side of (I1.56P is infinite. For example, E = \J [j — +J~^]- 

l<j<oo 

It should be mention that Theorem 11.71 is related to some results 
by M.S.Birman and M.Z.Solomyak, |BiSol Theorem 11.1], and may be 
considered as a special case of their result. However our presentation 
is more direct and simple. 

Theorem 11.71 is precise: 

Theorem 1.8 (B.Simon, [Siml Proposition 4.7]). Let the operator 3^e 
he a trace class operator. Then the set E satisfy the condition (|1.53p - 
p34ll . 

Proof. We identify the operator 3^e with the operator Pe'S'Pe- (See 
p.8|) . (|1.9|1 . and Remark [1.31 ) Since the Fourier-Plancherel operator J" 
is unitary, the operator 3^~^3^e = PeS^Pe is a trace class operator 
as well: 

J^^Pe^Pe G ©1 • (1.57) 

We are to deduce from (ll.57p . that the set E satisfy the condition 
(|1.53l) - (I1.54P . According to Theorem 11.61 the condition (I1.57P im- 
plies that the set E is of finite measure: mesE < oo. (See (|1.46l) .) 
Therefore, the function 

hE{t) = ^J e-'^'di, t GM, (1.58) 
E 

is well defined and continuous on M. The operator 

Ce = ^-^PeS^Pe (1.59) 

can be represented as the product of the multiplication and the con- 
volution operators: 

{QEx){t) = j hE{t - Xe{0 xiO . (1.60) 
R 
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We assume that the operator S^; is a trace class operator, acting in 
the space L^(M). We have to derive from here that the set E satisfy 
the condition ([133]) - (fL54l) . 

The value h{0) = ^mesE is strictly positive, and the function h 
is continuous. Therefore there exists 6 > such that 

Re/i(t) > -3-mesS, t e [-6, 6] . (1.61) 

Since the operator C^; is a trace class operator in for any two 

orthonormal systems {fm}m&M and {ipm}m(^M , M C Z is an indexing 
set, the inequality holds 

Keij(^^,V'm)L|| < IICEllei < oo. (1-62) 

We obtain the information concerning the set E choosing the systems 
Wj}m&M and {V'mjjeM by an appropriate way. 
Let 

Qm,s = [m6-6/2,m5 + 5/2), mSZ. (1.63) 
The intervals Qm,5, m £ Z, form the partition of the real axis. Let 

Em,5 = Er\Qm,s, mGZ. (1.64) 

We will prove that for chosen 5, 

Y (mes Em,5f^'^ < oo . (1.65) 

meZ 

Let M = {m £ Z : mes Em^s > 0}. For m £ M, we set 

ipm{t) = (mesQm,^)"^/^ • Xo .(0> (1.66a) 

The systems {ipm}mi=M and {'il^m}mi^M, defined by (|1.66l) . are or- 
thonormal. Let us calculate end 
According to (fL59]) and (TMh . 



thonormal. Let us calculate end estimate the scalar product {Qe ^m,'4'm)^2, 



{mes Qm,sr'^\inesEm,sr^/^ 11 - OXe^ .^O dC ■ (1.67) 

m.o 
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According to (|1.63p . for t G Qm,5, £, £ Qm,5, the inequality |t — < S 
holds. Together with (|1.61ll . this yields 

Re h{t — > c> for t G Qm s, ^ ^ Qm s, where c = —mes E . 

(1.68) 

Invoking p.67|l . we obtain 

(mes Q^,s)-^/\mes Em,s)-^^^ jj Reh{t - ()xe^ ^{0 ■ (1.69) 

Finally, taking into account that mes Qm,5 = ^, we get 

\{eE^m,^Pm)^2^^^ \ >c6 {mes Em,5)^/^ . (1.70) 

From here and (ll.62|) . the condition (I1.65P follows. 

The condition p.65|l is almost what we need. We obtain the the 
condition for any 6 satisfying the condition (ll.6ip . We need the con- 
dition (fOKIl for 5 = 1. (For 6 = 1, this is the condition (fL58ll .) 

Actually, if the the condition (I1.65P is fulfilled for some positive 6, 
then it is fulfilled for any positive 6. We show this in the generality 
which we need. Because we may diminish 6 without to violate the 
condition p.61|l . we choose S of the form 

(5 = — , is a positive integer which is large enough . (1-71) 
If oi, a2, . . . , a^v are non-negative numbers, then 

{ai + a2+ ■■■ +aN)^^^ < aj'^ . 

l<k<N 

It is clear that for 6 = 1/N, either the sets Qj^i and Qm,s do not 
intersect, or the set Qm,5 is contained in Qj^i- Moreover, the total 
number of the sets Qm,s which are contained in Qj^i is equal to A^. 
Thus, 

mes{E nQj^i) = ^ mes {E n Qm,5) , 

and the sum in the right hand side contains precisely A^ summands. 
Therefore, for every j G 

(mes {E n Qj,i))'/^ < Yl ("^^'^ ^ Qm,5))'/' , 
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and 



^(mes(Eng,,i))V2< ^(mes(£;ng,,5))V2. (1.72) 
jez mez 

□ 

Question 1.2. For which sets E the operator 3'e is compact? 

In the next part of this work we embbark on a more detail discussion 
of spectral properties of the operators in three important cases: 
■ E = R; 

• E is an arbitrary symmetric finite interval: E = [—a, a], a g]0, oo[; 

• E = [0,00]. 

The case E = M. has already been studied in great details. We 
review shortly the main facts about this case. Also the case E = 
[—a, a], a g]0, oo[, was already considered. However this case is more 
complicated than previous, and some questions remain open. To the 
best of our knowledge, the case E = [0, oo[ was not studied until now. 
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